Abstract: This paper analyzes and simulates the Li-ion battery charging process for a solar powered battery management system. The battery is charged using a non-inverting synchronous buck-boost DC/DC power converter. The system operates in buck, buck-boost, or boost mode, according to the supply voltage conditions from the solar panels. Rapid changes in atmospheric conditions or sunlight incident angle cause supply voltage variations. This study develops an electrochemical-based equivalent circuit model for a Li-ion battery. A dynamic model for the battery charging process is then constructed based on the Li-ion battery electrochemical model and the buck-boost power converter dynamic model. The battery charging process forms a system with multiple interconnections. Characteristics, including battery charging system stability margins for each individual operating mode, are analyzed and discussed. Because of supply voltage variation, the system can switch between buck, buck-boost, and boost modes. The system is modeled as a Markov jump system to evaluate the mean square stability of the system. The MATLAB based Simulink piecewise linear electric circuit simulation tool is used to verify the battery charging model.
Introduction
The ability to charge batteries in the air is essential for a solar powered aircraft to remain aloft overnight. To achieve this, advanced battery management must be incorporated into aircraft power management systems. This battery management system monitors and controls the storage and delivery of solar power drawn from solar cells. Battery modules are fundamental elements of a battery management system. Compared to alternative battery technologies, Li-ion batteries offer high energy density, flexible and light-weight design, no memory effects, and a long lifespan [1, 2] . These advantages make Li-ion batteries highly suitable for the next generation of electric vehicle and aerospace applications [2, 3] .
For solar powered systems, the terminal voltage from the solar cell panel is usually designed to be higher than the voltage required at the load terminal. Power converters for maximal power point tracking and voltage or current regulation are inserted between the solar cell panel and the load to control power flow. Although voltage at the power converter input is mostly higher than the voltage required for battery charging, in many circumstances-such as shaded solar cell panels or a high incident angle-voltage may be lower than the required minimal voltage, terminating the charging process. This wastes solar power. To maximize utilization of available solar power drawn from the solar panel, this study incorporates a buck-boost converter into the solar powered battery management system for battery charging. Many studies have investigated the analysis and design of buck-boost power converters [4] [5] [6] [7] . In [5, 6] the authors developed buck-boost converters for portable applications. In [7] a buck-boost cascaded converter for high power applications, such as fuel cell electric vehicles, was proposed.
Primary battery management functions include measurement of observable quantities (such as voltage, current, and temperature), parameter and state estimation for battery performance computations (such as state of charge and state of health calculations), and optimal control strategy and power utilization determination [8] . Battery state of charge estimation requires a reliable model to describe battery cell behavior. Dynamic models representing the operation of battery cells have been widely studied. These include equivalent circuit models [9] [10] [11] [12] [13] , intelligent neural network models [14, 15] , and physical-based electrochemical models [16] [17] [18] [19] . In [9] , an electrical battery model capable of predicting runtime and I-V performance was proposed. The model was a blend of the Thevenin-based electrical model [20] [21] [22] , impedance-based electrical model [23] , and runtime-based electrical model [24] . In this model, a capacitor and a current-controlled current source were employed to model the SOC and runtime of the battery, a RC network was used to simulate the transient response, and a voltage-controlled voltage source was utilized to bridge SOC to open-circuit voltage of the battery. In [22] , all electrochemical and electrothermal processes were approximated as uniform through the entire battery and all spatial variations of concentrations, phase distributions, and potentials ignored. With these assumptions, the battery was modeled by -bulk‖ parameters extracted from the experimental data. The model is suitable for virtual-prototyping of portable battery-powered system.
In equivalent circuit models, several battery parameters are required to fit a circuit model (usually RC circuit networks). The physical intuition behind the meaning of battery parameters in an equivalent circuit model is lost. However, equivalent models are useful for circuit analysis and simulation. Therefore, they are commonly used in various types of battery management systems. Based on physical first principles, electrochemical models provide a description of battery internal transport and electrochemical and thermodynamic phenomena. The resulting electrochemical models are more complex, but can be more accurate than equivalent circuit models or neural network models. Several reduced-order models have been proposed to tailor electrochemical models to real-time and control applications, including the single particle model [25] [26] [27] , electrode average model [28, 29] , and frequency domain method [30] .
This paper analyzes and simulates the Li-ion battery charging process for a solar powered battery management system. This study uses a non-inverting synchronous buck-boost DC/DC power converter to charge a battery. The supply voltage originates from the output of the maximal power point tracking stage which automatically adjusts the output voltage to achieve maximal power transfer from the solar cell panel. The battery charging system can operate in buck, buck-boost, or boost mode according to supply voltage condition. Supply voltage variation arises from rapid changes in atmospheric conditions or the sunlight incident angle. Based on the electrode averaged electrochemical model in [28, 29] , an electrochemical-based equivalent circuit model for a Li-ion battery is established. This is the first contribution of this paper. The circuit model contains a dependent voltage source and a dependent current source. The dependent voltage source represents the sum of overpotential and open circuit potential of the battery. The current source is controlled by the external charging circuit. A dynamic model for the battery charging process is then constructed based on the established equivalent circuit model and the buck-boost power converter dynamic model. This is the second contribution of the paper. The battery charging process forms a system with multiple interconnections. This paper analyzes and discusses characteristics including battery charging system stability margins for each individual operating mode. Because of supply voltage variations the system can switch between buck, buck-boost, and boost modes. The system is also modeled as a Markov jump system to evaluate the mean square stability of the system. This is the third contribution of the paper. The jump system can be used as a practical example for other research purposes such as controller design for jump system or simultaneous stabilization. The MATLAB-based Simulink piecewise linear electric circuit simulation (PLECS) tool is used to verify the battery charging model.
Lithium Battery Model
A typical Li-ion battery cell contains three main parts: a negative electrode, separator, and positive electrode, as shown in Figure 1 . All three components are immersed in an electrolyte solution composed of a lithium salt in an organic solvent such as LiPF 6 , LiBF 4 , or LiClO 4 . The negative electrode is connected to the negative terminal of the cell and usually contains graphite. The positive electrode is connected to the positive terminal of the cell and is a metal oxide or a blend of several metal oxides such as Li x Mn 2 O 4 and Li x CoO 2 . The separator is a solid or liquid solution with a high concentration of lithium ions. It is an electrical insulator that prevents electrons from flowing between negative and positive electrodes, but the electrolyte allows ions to pass through it. In the discharging process, the lithium ions at the surface of the solid active material of the porous negative electrode undergo an electrochemical reaction, transferring the ions to the solution and the electrons to the negative terminal. The positive ions travel through the electrolyte solution to the positive electrode where they react with, diffuse toward, and are inserted into the metal oxide solid particles. Ions and electrons reverse traveling direction in the charging process.
Electrochemical-based models are reasonable predictors of Li-ion battery performance and physical limitations for a wide range of operating conditions [18] . However, the model contains coupled nonlinear partial differential equations that make it difficult for onboard applications. Thus, model reduction is necessary for real-time and control applications. Based on porous electrode theory [16] , Li-ions can exist in a solid phase (intercalated in the electrode material) or an electrolyte phase in a dissolved state. The porous structure can be interpreted as consisting of small spherical solid particles, as shown in Figure 1 . For simplicity and computational tractability, one-dimensional spatial models [17] [18] [19] 
where a and c are the anodic and cathodic transport coefficients, respectively, o i is the exchange current density, and is the surface overpotential. Surface overpotential is the driving force of (5) 
where k r is the rate constant and s,max c is the maximal possible concentration of lithium in the solid particles of the electrode based on material properties.
In the electrode solid concentration model, the spatial solid concentration distribution along the x coordinate is ignored (i.e., diffusion between adjacent particles is ignored). Diffusion dynamics along the r coordinate are only considered inside a representative particle. To simplify the analysis, the spherical particle with radius p R is divided into 
State Equations (11) and (12) represent the approximate solid concentration distribution dynamics of a particular solid particle inside the electrode. To facilitate analysis and control and estimation applications, this study uses the electrode averaged model [28, 29] for solid concentration distribution dynamics for battery charging analysis and design. In addition it neglects the solid concentration distribution along the electrodes, so the electrode averaged model only considers material diffusion inside a representative solid material particle (one for each electrode) and averages the state and input variables in the model. The model assumes that electrolyte concentration is constant (which is reasonable for a highly concentrated electrolyte). The electrode averaged model was first reviewed.
The results were then used to construct an electrochemical-based equivalent circuit model for battery charging analysis and simulation.
In the electrode averaged model, average solid concentration dynamics are driven by constant flux (the average value of 
The average value of Li j along the positive electrode, p Li j , is calculated using:
Using n Using Figure 2 and (2) and assuming that e c is constant, the potential in the electrolyte for negative
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Thus, using external applied current I as the input and average solid concentration as the state variable, the average solid concentration distribution dynamics inside the negative and positive solid particles are expressed using (18) and (19) ( 2) sn ( 
Battery voltage is calculated using:
where f R is the film resistance on the electrode surface. Battery voltage, using overpotential from (8),
is characterized using the following equation:
From (17), using the averaged expression and assuming the ionic conductivity of the electrolyte in negative, positive, and separation regions are the same (i.e., n p sep
Averaged overpotentials n and p are obtained by using (7) to produce (25) and (26):
The battery voltage using the electrode averaged model is characterized in the following form:
where:
OCP ss p ss,p n ss,n 
The SOC estimation must account for both positive and negative electrodes. Thus, it can be assumed that the SOC associated with utilization ratio n  for the negative electrode is the same as the SOC obtained from the positive electrode at any point. That is, utilization ratio n  is calculated using:
Utilization ratio n  is used to calculate average bulk concentration for the negative electrode sbn c :
Surface solid concentration ssn c for the negative electrode can then be estimated using: 
Synchronous Buck-Boost Converter
The non-inverting buck-boost converter can convert the source supply voltage higher and lower voltages to the load terminal while leaving voltage polarity unchanged. Figure 5 shows a diagram of the synchronous buck-boost circuit. Four high speed power MOSFETs ( 14 QQ ) are used to control energy flow from the supply to load terminals. Because of supply voltage variations, the power converter operates in buck, buck-boost, or boost modes through proper control of the power MOSFETs. When supply voltage is higher than the desired load voltage, the converter is set to buck operation. In buck mode operation, transistor 4 Q is always on and 3
Q is always off. Buck mode operation is achieved by controlling power switches 1 Q and 2 Q . Table 1 shows a summary of power converter operation. 
From the above discussions, output voltage can be set to a desired value with the supplied voltage source more or less than the desired output voltage. This is achieved by controlling the duty cycle of the MOSFET switches. The buck-boost converter is used to control the charging process for a Li-ion battery. Figure 6 shows the circuit model for Li-ion battery charging with a buck-boost power converter which uses the electrochemical based equivalent circuit model from Section 2 ( Figure 4 ) and the buck-boost converter from Section 3. Resistance CS R is a current sense resistor, which is used by the battery charging controller to measure and control current to the battery. Figure 7 shows the equivalent circuit for battery charging in the buck model, which is similar to the buck-boost converter in Section 3. R . In this model, switch 3 Q is off and 4 Q is on. Buck operation is achieved by controlling switches 1 Q and 2 Q to charge and discharge the inductor and then transfer energy to the battery. to determine the duty cycle for power switch operation. Therefore, battery charging forms a system with multiple interconnections, making system analysis and design more challenging and interesting. Figure 8 shows the structure of the interconnected system. When external supplied voltage S V is less than the desired regulated output voltage, the converter is set to boost operation. In this mode, power switch 1 Q is on and 2 Q is off. Figure 9 shows the simplified equivalent circuits of battery charging during boost operation. In Figure 9 (a), transistor 3 
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Q is closed and 4
Q is open, allowing the supply voltage to charge the inductor. In Figure 9 (b), transistor 4 Q is closed and transistor 3 Q is open to engage inductor discharge mode. Similar to buck operation, the dynamic model for boost operation is expressed using the following equation: When supply voltage is close to the desired load voltage, the converter is set to buck-boost operation. Figure 10 shows the simplified equivalent circuits for battery charging during buck-boost operation. Transistors 1 Q and 3 Q work as a group and 2 Q and 4 Q work as another group. Q are open to engage inductor discharge mode. During buck-boost operation, the inductor charge cycle is the same as the boost operation inductor charge cycle and the inductor discharge cycle is the same as the buck operation inductor discharge cycle. The averaged dynamic model for buck-boost operation is:
To investigate power converter performance for battery charging, this study conducts a stability analysis of duty cycle variation. Small signal models were obtained by applying a small disturbance to the system and ignoring second order terms. 
I
, its dynamics are much slower than the buck-boost converter circuit dynamics. This is easily verified by checking the Li-ion concentration diffusion dynamic bandwidth of the electrochemical model and the buck-boost power converter circuit dynamics. Input S V is an external voltage source. Therefore, these assumptions are reasonable.
Similarly, the small signal dynamic model driven by d for boost mode operation is:
Similarly, the small signal dynamic model for buck-boost mode operation is:
Equations (38) R values for the capacitor, inductor, and power MOSFETs, respectively, are used in the power converter design.
Assuming 300-kHz switching frequency, 3-A charge current, 11-V battery, R L = 50 mW, R C = 5 mW and R O = 7 mW, Figure 11 shows the stability margins of the system from duty cycle variation d to output voltage variation out V with respect to supply voltage variation. The figure indicates that the phase margins are inadequate. Figure 11 . Stability margin of the buck-boost power converter. DC/DC power converter design commonly incorporates a type III compensator into the system to improve the phase margin. The type III compensator, as shown in Figure 12 , uses six passive circuit components, three poles (one at the origin), and two zeros. The compensator transfer function is:
where 12 C is the parallel combination of 1 C and 2 C , that is, 12 Figure 13 shows the power converter stability margins with incorporated compensator when R 1 = 10 kW, R 2 = 668 W, R 3 = 630 W, C 1 = 1.05 nF, C 2 = 161 nF and C 3 = 10.1 nF. Table 2 shows a summary of stability margins. The results show that the phase margins improve significantly. The results for 1-A and 0.1-A charge current are also investigated. The stability margin will be improved when the load current decreases. Figures 14-16 are the examples of the bode plots for boost, buck-boost, and buck modes respectively. The bode plots examples clearly show the improvement of the phase margin for the compensated system. These results show that stability margins depend on the selected inductor and capacitor and the load condition. The system switches between the three operation modes according to the supply voltage condition. Supply voltage variation arises from rapid changes in atmosphere conditions or sunlight incident angle changes. Therefore, as well as stability considerations for each individual operation mode, the mean square stability of the jump system must be considered.
The system switches between buck, buck-boost, and boost operation modes according to supply voltage conditions. Considering the worst case scenario (based on stability margins), the state space models for the three modes are expressed as: 
For mean square stability analysis of the power converter system, we convert the system to discrete time domain and model the system as a Markov jump linear system [32] with three operation modes as: , , X X X ) exist such that the following linear matrix inequality (LMI) is satisfied [32] :
(47) Figure 17 shows the Markov jump system and its mean square stability conditions. Using the switching frequency of the power converter, 300 kHz, as the sampling rate to convert the systems represented in (43) to (45), the system matrices in the discrete time domain are: Buck mode: 
The mean square stability condition described in (47) can be verified using the MATLAB LMI toolbox. For example, assuming the following probability transition matrix P is selected: 
The resulting positive definite matrices are: 
This implies that the jump systems are mean square stable for the selected probability transition matrix. However, the buck-boost converter system stability margins depend on the system parameters (such as inductor and capacitor values, battery voltage, and battery charging current). The system shall be designed to provide good stability margins for each individual operation mode and to guarantee the mean square stability of the jump system. It should be noted that the analysis made here is valid for continuous conduction modes only.
Electric Circuit Simulation
The battery charging model developed in the previous sections was used in a computer simulation using the MATLAB-based PLECS tool to verify the buck-boost converter design for Li-ion battery charging. Figure 18 shows the simulation structure. The structure includes a MOSFET control logic unit, a buck-boost power converter, an electrochemical-based equivalent circuit model, a voltage regulator, and a PWM generator. V V V , boost mode was set to logic 1 and set to logic 0 if not. Buck-boost mode was set to logic 1 if both buck and boost modes were set to logic 0. These definitions were used to establish the structure of the MOSFET control logic unit, as shown in Figure 19 . Outputs 14 GG in Figure 19 are the control gates of power switches 14 QQ shown in Figure 6 . We note that in practical use, hysteresis or some other means of switch controls to ensure continuous mode transition has to be incorporated to minimize possible large transient during mode transition. The buck-boost converter and electrochemical-based equivalent circuit battery model discussed in the previous sections were directly used in the simulation. Electrochemical model parameters from [27] were used, except for utilization ratios  p and  n ( p0% = 0.895,  p100% = 0.305,  n0% = 0.126 and  n100% = 0.676 were selected). Table 3 lists the parameters used in the simulation. Constant current or constant voltage feedback determined the battery charging mode. The duty cycle controller determined the proper duty ratio for the power switches. In this simulation, d d d  determined the duty ratio and the type III compensator described in the previous section determined variation d . Mean value d was defined using the following equations: the charging voltage was regulated at 12 V. Because the constant current and constant voltage charging simulations were successful, long-term continuous charging began with constant current charging followed by constant voltage to demonstrate the complete charging process. To accelerate the simulation, a charging current of 12 A was used for the constant current phase. The charging process switched to constant voltage charging mode when battery voltage reached 12.6 V. These results are shown in Figure 24 . They include battery voltage, charging current, Li-ion solid concentrations, and SOC computations. The chattering phenomena appear in Figures 20 and 21 are due to the nonlinear behavior of the electrochemical-based battery model, and those in Figures 22 and 23 are from the combination of nonlinear behavior of the battery model and mode transition because hysteresis is not included in the simulation.
The circuit simulations show that the battery was successfully charged with the buck-boost power converter. Battery parameters such as battery voltage, Li-ion solid concentrations, and SOC were calculated based-on the electrochemical model. Thus, the buck-boost power converter can be used for battery charging in solar powered battery management systems. To demonstrate the battery charging design using a buck-boost power converter, a prototype of the battery charging system is built to conduct battery charging tests. To accelerate the design, we selected a LTC3780 four-switch type buck-boost controller (from Linear Technology Corporation, Milpitas, CA, USA) to control the MOSFET switches. A PIC-microcontroller based control unit is then designed to perform the battery charging mechanism. Images of the test set-up, buck-boost converter, and the control unit are shown in Figure 25 . In this test, the power source comes from the photovoltaic simulator (PV simulator) and the results are transmitted to the recording system over USB interface. The battery is charged by a constant current of 2A until the battery voltage reaches 12.3 V. The system then switches to constant voltage charging mode, allowing the battery current to taper. Test results are shown in Figure 26 . The results show the success of Li-ion battery charging using buck-boost converter based battery charging system. 
Conclusions
This paper presents an analysis and simulation of the Li-ion battery charging process for a solar powered battery management system. Based on the supply voltage conditions of solar panels, the system operates in buck, buck-boost, or boost modes. Based on an electrode averaged electrochemical model, an equivalent circuit model is established to represent Li-ion battery dynamics. The battery model and buck-boost power converter dynamic models are used to construct a mathematical model describing the battery charging process dynamics. The battery charging process forms a system with several interconnections. Characteristics including battery charging system stability margins for each individual operating mode are analyzed and discussed. The system is also modeled as a Markov jump system to evaluate the mean square stability of the system. A MATLAB-based Simulink PLECS tool verifies the battery charging model.
With the success of battery charging analysis and circuit simulation the synchronous buck-boost converter will be used for the design of a solar power management system for an experimental solar-powered UAV, including the maximum power point tracking and battery management applications. The proposed electrochemical-based equivalent circuit model will be used to estimate the battery dynamics. The core of the solar power management system will be the buck-boost converter with microcontroller based auto-ranging capability. In addition, we will also investigate SEPIC and zeta buck-boost converters in the next design.
